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Abstract: We propose Type IIB 5-brane configurations that engineer the 6d N =
(1, 0) SCFTs with SO(N) gauge symmetry coupled to a single tensor multiplet on
a circle, by considering RG flows on Higgs branches of D-type conformal matter
theories. We test the brane systems against known Calabi-Yau threefolds for the
6d SCFTs on a circle. In addition we study a new RG flow involving Higgs vevs of
scalar operators with Kaluza-Klein momentum along the circle. The new RG flow
results in the 5-brane webs for the 6d SCFTs of DN gauge symmetry compactified
on a circle with Z2 outer-automorphism twist.
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1 Introduction
Type IIB 5-brane web [1, 2] is a powerful tool to study 5d superconformal theories
(SCFTs)[3–6]. Perturbative and non-perturbative aspects of many SCFTs be under-
stood from 5-brane webs. As an effective description of the SCFT at low energy, one
can readily read off the prepotential of 5d N = 1 gauge theory from a given web
diagram of the theory. Also, novel non-perturbative aspects of the SCFTs can be
computed or seen through 5-brane configurations. For instance, for a given 5-brane
configuration, one can compute the instanton partition functions using topological
vertex formulation [7, 8]. Global symmetry enhancement [9–11] at UV fixed points
and various dualities between low energy gauge theories, which are hard to explain
in the gauge theories, often have simpler explanations in the 5-brane webs.
Five-dimensional N = 1 supersymmetric gauge theories can also be engineered
via M-theory compactification on a local Calabi-Yau threefolds (CY3) [1, 2]. BPS par-
ticles and magnetic monopole strings in 5d theory correspond to M2 branes wrapping
holomorphic 2-cycles and magnetic dual M5 branes wrapping holomorphic 4-cycles,
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whose volumes are given as masses and tensions of the 5d BPS objects, respectively.
The prepotential of the 5d theory is realized as the triple intersection number in
geometry. Geometry itself provides another powerful tool to study 5d SCFTs as
well. In particular, recent progress on geometric classifications of 5d SCFTs [12–18]
enlarged lists of possible SCFTs and also proposed intriguing new dualities and RG
flows.
Equivalence between 5-brane web and geometry for toric Calabi-Yau threefolds is
well established [19]. Given a toric geometry, it is straightforward for one to find the
corresponding 5-brane web diagram. Volumes of 2-cycles and 4-cycles in geometry
correspond to the lengths of edges and the areas of compact faces in the 5-brane web,
respectively.
Non-toric web diagrams are 5-brane configurations of orientifold planes such as
O7±-, O5- and ON0-planes and those obtained via non-perturbative Higgsings [20–
25]. These non-toric 5-brane webs, along with F-theory classification of 6d SCFTs,
has provided a new perspective on 6d N = (1, 0) SCFTs. In particular, some of 6d
N = 1 SCFTs with SO(N) gauge symmetry coupled to a single tensor multiplet,
when compactified on a circle, have natural Type IIB 5-brane configurations with
two O5-planes, as its (T-dual) Type IIA brane configuration contains an O6-plane
[24, 26]. Though such large class of non-toric 5-branes are known, unlike toric case,
equivalence between non-toric 5-brane webs and geometry is still limited and hence
worth further study.
The aim of this paper is to complete Type IIB 5-brane engineering of some of
6d N = 1 SCFTs which involve non-toric realizations of 5-branes with O5-planes.
In particular, we consider 5-brane realizations of a family of 6d N = (1, 0) SCFTs
with SO(N) gauge symmetry on a −2 or −3 curve in the base of F-theory [27]
when compactified on a circle. We construct 5-brane diagrams of those and com-
pute their prepotentials (or monopole string tensions) which are consistent with the
triple intersection numbers from the corresponding Calabi-Yau geometries [15]. More
specifically, by considering RG flows on Higgs branches of D-type conformal matter,
we construct 5-brane web configurations with two O5-planes describing 6d SCFTs
with an SO(N) gauge group and then study possible Higgsings and Hanany-Witten
transitions to generate Higgs branch flows of 6d SCFTs with SO(N) gauge sym-
metry on a circle. Moreover, by tuning non-zero holonomies such that a charged
scalar mode carrying non-zero Kaluza-Klein momentum along the 6d circle becomes
light and then by Higgsing the theory with a vev of the light mode, we propose new
RG flows leading to 5-brane web configurations for twisted compactifications of 6d
theories.
The organization of the paper is as follows: In section 2, we review equivalence
between 5-brane web and toric CY geometry and extend its equivalence to non-toric
cases, and then discuss how to obtain the prepotential from 5-brane and also from
geometry. In section 3, we further develop non-toric geometry with O5-planes and
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discuss Type IIB 5-brane configurations for 6d SCFTs with SO(N) gauge symmetry,
which are realized as elliptically fibered (non-toric) Calabi-Yau threefold. Especially
we propose 5-brane webs realizing SO(N) theories on −3 curve. In section 4, we
propose 5-brane webs for SO(N) theories on −2 curve. In section 5, we discuss
twisting of 6d SO(N) gauge theories on −4 curve. We then summarize and conclude
with future directions in section 6.
2 5-Brane webs and Calabi-Yau geometries
We start with a short summary of the relationship between Type IIB (p, q) 5-brane
webs and non-compact Calabi-Yau threefolds in M-theory compactification, with the
notations used throughout the subsequent sections.
Let us review the salient features of M-theory compactified on a non-compact
Calabi-Yau three (CY3) manifold X to five dimensions [28]. This compactification
gives rise to a 5d field theory at low energy. We can consider a smooth threefold X
with Ka¨hler moduli φi (i = 1, · · · , n) associated to Ka¨hler 4-cycles Si where Si is
a divisor basis of h1,1(X) = n. The Ka¨hler moduli φi for compact 4-cycles Si with
i = 1, · · · , r are identified with the Coulomb branch moduli in the 5d field theory,
whereas φi for non-compact surfaces Si with i = r + 1, · · · , n are associated to the
mass parameters mi. So when the 5d field theory admits a gauge theory description,
the rank of the gauge group agrees with the number of compact Ka¨hler surfaces r
and φi becomes the vacuum expectation value of the scalar field in the charged vector
multiplet parameterizing the Coulomb branch.
In the singular limit, when all the Ka¨hler parameters φi are turned off so that all
4-cycles collapse to a point, the smooth threefold X will reduce to a singular Calabi-
Yau threefold Y . This singular threefold Y realizes either a 6d SCFT if the CY3
admits an elliptic fibration or, otherwise, a 5d SCFT. In the former case, the smooth
threefold X describes a circle compactification of the associated 6d SCFT where the
circle size is implemented as an additional mass parameter in the geometry. So X
provides a resolution of the singular elliptic CY3 when elliptic fiber class has finite
volume.
In M-theory compactification, BPS states in the 5d field theory come from M2-
and M5-branes. M2- and M5-branes wrapped on 2- or 4-cycles in the CY3 provide
charged vector multiplets and magnetic monopole strings respectively in the low
energy field theory. The masses of vector multiplets and the tensions of the monopole
strings are volumes of 2- and 4-cycles and they are controlled by Ka¨hler parameters
φi.
A non-compact threefold X can be modeled by a union of connected compact
surfaces S = ∪iSi and each Ka¨hler surface Si is either P2 or a ruled surface of degree
n over genus g curve blown up at p points, which we denote by Fpn,g [14–16]. We
will often omit super(or sub)-scripts p, n, g if those numbers are zero. Let S1 and
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C1 C2Fp1n1,g1 |1 Fp2n2,g2 |2
Figure 1. Two surfaces (or 4-cycles) S1 = Fp1n1,g1 and S2 = F
p2
n2,g2 glued along a curve
C whose projection to the surface Si is denoted by Ci. The subscript of |i denotes i-th
surface.
S2 be two surfaces in S. These two surfaces are glued along a holomorphic curve
C = S1 ∩ S2 of genus g. In order to have a consistent Calabi-Yau threefold, the
gluing curves should intersect transversally which imposes the Calabi-Yau condition
C2|S1 + C2|S2 = 2g − 2 , (2.1)
where the subscripts denote the projections of C on S1,2 respectively. Also, a curve
class in each surface must satisfy the adjunction formula
(K · C)|Si + C2|Si = 2g − 2 , (2.2)
where K|Si is the canonical class of the surface Si. There can be more than one curve
at the intersection of two surfaces satisfying above conditions.
Diagrammatically, two surfaces S1 = Fp1n1,g1 and S2 = F
p2
n2,g2
glued together by
a curve C will be drawn as the diagram in Figure 1. Here, the gluing curve is
represented by a line connecting two surfaces and the symbols C1 and C2 on the
line denote the projections of C to the first and the second surfaces respectively. A
diagram can have more than one line between two surfaces if two surfaces are glued
along multiple curves. Note also that two holomorphic curves within a single surface
can be glued each other. In this case, there is a line connecting the surface to itself
in the diagram. We will call this self-gluing [14].
The canonical class of a local S = P2 is K|S = −3` where ` is a base class with
self-intersection `2 = 1. The canonical class of a Hirzebruch surface of degree n with
p blownup points S = Fpn is given by
K|S = −2h+ (n− 2)f +
p∑
i=1
xi . (2.3)
Here h is a section class and f is a fiber class and xi’s are exceptional curve classes
at the blowup points. There is an additional distinct section class e. They satisfy
e2 = −n , h2 = n , f 2 = 0 , xi · xj = −δij ,
e · f = h · f = 1 , e · h = e · xi = h · xi = f · xi = 0 . (2.4)
A ruled surface over a genus g curve can be obtained by g self-gluings of a rational
Hirzebruch surface with a number of blow-up points. This geometric transition is
introduced in [14]. For example, a surface Fn,g can be obtained from F2g+pn by g
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self-gluings. For this, we glue g pairs of exceptional curves (xi, yi) with i = 1, · · · , g.
The canonical class K ′S after self-gluings is then given by
K ′S = KS +
g∑
i=1
(xi + yi) . (2.5)
See [14, 16] for more details and other geometric transitions.
We are now interested in physics on the Coulomb branch of the low energy 5d
theory. A smooth threefold X is described by the Ka¨hler class J defined as
J = φiSi , i = 1, · · · , n , (2.6)
with compact and non-compact moduli φi. Then the triple intersection numbers of
4-cycles in X can be computed as
F = 1
3!
∫
X
J · J · J = 1
3!
n∑
i,j,k
φiφjφk
∫
X
Si · Sj · Sj . (2.7)
As one can see, F is a cubic polynomial of Ka¨hler parameters φi and it computes
the prepotential on the Coulomb branch in the 5d field theory. The metric τij
on the Coulomb branch and the volumes of 4-cycles Ti can be extracted from the
prepotential F as
τij = ∂i∂jF =
∫
X
J · Si · Sj , Ti = ∂iF = 1
2
∫
X
J · J · Si , (2.8)
with i = 1, · · · , r.
We can compute the triple intersection numbers Si · Sj · Sk among 4-cycles Si in
X. First, if all surfaces are the same, the self-intersection number is determined by
the canonical class as
Si · Si · Si = (K ·K)|Si . (2.9)
If a surface Si has self-gluings, we should replace K in this equation by a modified
divisor K ′ given in (2.5). Second, if i = j 6= k, then the intersection number is given
by
Si · Si · Sk =
∑
a
(Ca · Ca)|Sk , (2.10)
where Ca|Sk stands for a gluing curve between two surfaces projected on Sk. Lastly,
if all surfaces are distinct, i.e. i 6= j 6= k, the triple intersection number can be
written as
Si · Sj · Sk =
∑
a
(Caj · Cak )|Si , (2.11)
where Caj are the gluing curve classes between Si and Sj. The prepotential of the 5d
field theory is therefore fully determined by intersection data of compact surfaces in
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F11
F
1
(a) (b) (c)
P2
F11 F
3
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e
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3|2
1
1
Figure 2. (a) 5-brane web for a local P2. (b) A 5-brane web for F11 = F10. (c) A 5-brane
web for two surfaces S1 = F1 and S2 = F3.
the associated Calabi-Yau threefold. We note that the volume of an effective 2-cycle
C in a surface Si ∈ S can also be computed as an intersection product
vol(C) = −(J · C) = −
n∑
j=1
φj(K · C)|Sj −
n∑
i,k=1
φi(C · Cik)|Si , (2.12)
where Cik denotes a collection of all gluing 2-cycles except for C at the intersection
Si ∩ Sk.
Now we discuss the relation between Calabi-Yau geometries explained above
and (p, q) 5-brane webs in Type IIB string theory. When X is a toric Calabi-Yau
threefold, there exists one-to-one map between X and a 5-brane web via the duality
between M-theory and Type IIB theory [19]. A 5-brane web consists of edges and
vertices forming a number of closed (or internal) and open (or external) faces on a
plane. Some examples of 5-brane webs are given in Figure 2. The diagrams (a) and
(b) in Figure 2 are 5-brane counterparts of the Calabi-Yau threefold of a local P2 and
a del Pezzo surface dP2 = F11, respectively. Note that Figure 2(b) can be also thought
of as an F10, since F10 is isomorphic to F11. Figure 2(c) realizes a threefold of a Ka¨hler
surface S1∪S2 where two compact surfaces S1 = F1 and S2 = F3 are connected along
a curve C = S1∩S2 whose projections on to each surface are C|S1 = h and C|S2 = e.
In a 5-brane web, closed faces correspond to compact surfaces of the associated
Calabi-Yau geometry. So the closed face in Figure 2(a) implements a local P2 and
the closed face in Figure 2(b) is an F11 (or F10). The volume of a compact Ka¨hler
surface in geometry is therefore the area of the compact face of the corresponding
5-brane web.
A Hirzebruch surface Fn of degree n can be described as a local 5-brane web in
Figure 3(a). A Calabi-Yau geometry consisting of a single surface Fn with n > 3 is
non-toric. It can be however understood as a component surface in a bigger toric CY3.
For example, a single surface F3 can be a component surface of the dual threefold
of the brane web in Figure 2(c). Blowing up a point in a Hirzebruch surface is
equivalent to adding an additional external 5-brane as in Figure 3(b) for one blowup
and also as in Figure 3(c) for two blowups. Bigger brane webs for toric threefolds
can be constructed by gluing such closed faces following the intersection structure of
compact surfaces in the geometry.
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(0,1) (-n,1)
(n+2,-1)(-2,-1)
Fn
(a)
F3 F31 2
(b) (c)
ef h x1 x1x2
(−n+ 2 , 1)
(n,−1)
(0 , 1)
(−2 ,−1)
Fn 3 3
Figure 3. (a) A local 5-brane web for an Fn. (b) A 5-brane web for F13. (c) A 5-brane
web for F23.
A collection of connected edges on a face is mapped to an effective curve class in
the geometry. The volumes of each curve are the lengths of the corresponding edges
in a given 5-brane web. Gluing curves between two surfaces in geometry correspond
to internal edges between two closed faces of a web diagram. For example, the base
curve ` in a P2 is one of three edges of the closed face in Figure 2(a), and a fiber class
f in an F11 is the edge connecting two parallel internal edges as drawn in Figure 2(b).
Also the gluing curve between an F1 and an F3 is the edge between two internal faces
in Figure 2(c).
One non-trivial test for the above maps is to compare the prepotential from
geometry with that from 5-brane web. In geometry, using the formulae given in
(2.9)-(2.11), we can compute the prepotentials of threefolds involving only a single
surface S = P2 and S = F11 as
6FP2 = φ3(K ·K) = φ3(−3`)2 = 9φ3 ,
6FF11 = φ3(K ·K) = φ3(−2h− f + x1)2 = 7φ3 , (2.13)
where φ is the Ka¨hler parameter and we used `2 = 1 and (2.4). Here we turned
off all the non-compact Ka¨hler parameters1. In 5-brane web, we first compute the
volumes of internal faces and then integrate them to obtain a cubic prepotential. In
order to compute the volumes of faces in a brane web, we need to fix the lengths of
internal edges against Ka¨hler parameters in the corresponding geometry. For this,
we can use the above map for 2-cycles. For example, the volume of the base class `
in an isolated P2 is vol(`) = 3φ. This implies the length of an internal edge in Figure
2(a) is 3φ. It follows then that the area of the internal face in the web diagram is
TP2 =
9
2
φ2. By integrating this area, one finds the cubic prepotential that indeed
agrees with (2.13). Similarly, one can compute the prepotential for Figure 2(b). The
volumes of 2-cycles in an F11 are vol(e) = vol(x1) = φ, vol(f) = 2φ, and vol(h) = 3φ.
They correspond to the lengths of the edges e, x1, f, h of the 5-brane web in Figure
2(b). Using these lengths, one readily finds the area of internal face TF11 =
7
2
φ2. This
leads to the same prepotential FF11 as (2.13), as expected.
1When computing or comparing the prepotentials, we will always turn off all the non-compact
Ka¨hler parameters.
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The prepotential computation for Figure 2(c) is more involved, but straightfor-
ward. Let us first compute the prepotential in geometry. The intersection numbers
of S = S1 ∪ S2 with S1 = F1, S2 = F3 are
S31 = (K ·K)|F1 = 8 , S32 = (K ·K)|F3 = 8 ,
S21S2 = e
2|S2 = −3 , S1S22 = h2|S1 = 1 . (2.14)
One then finds
6FF1∪F3 = 8φ31 + 8φ32 − 9φ21φ2 + 3φ1φ22 . (2.15)
The length of the internal edges in the brane web can be identified as the volumes
of curves (2.12)
vol(e|S1) = φ1 , vol(f |S1) = 2φ1 − φ2 , vol(f |S2) = 2φ2 − φ1 ,
vol(h|S1) = vol(e|S2) = 3φ1 − φ2 , vol(h|S2) = 5φ2 . (2.16)
Note that the fiber classes f |S1,2 amount to the strings connecting two D5-branes
and their volumes form the Cartan matrix of SU(3) gauge algebra as
(vol(f |S1), vol(f |S2)) =
(
2 −1
−1 2
)
·
(
φ1
φ2
)
, (2.17)
which is expected as the low energy field theory of the brane web is the SU(3) gauge
theory with the Chern-Simons level κ = −2. Now the area of each internal face can
be computed as
T1 =
1
2
(2φ1 − φ2)(4φ1 − φ2) , T2 = 1
2
(2φ2 − φ1)(3φ1 + 4φ2) . (2.18)
This gives rise to the prepotential (2.15) of FF1∪F3 above.
5-brane webs for non-toric threefolds are not well-understood. Only case-by-case
studies have been carried out and there is so far no systematic construction of brane
webs for non-toric geometry. All known non-toric examples are quite non-trivially
realized in brane systems with other additional ingredients such as 7-branes and
orientifold planes. Let us list some known examples of non-toric brane webs.
One simple example is the web diagram in Figure 4(a). The corresponding
geometry is a non-toric CY3 of two surfaces S1 = F3 and S2 = F5 intersecting along
a curve C|S1 = h,C|S2 = e. In order to draw a web diagram for this geometry,
we introduced two 7-branes denoted by black dots in Figure 4(a). This non-toric
threefold hence has a 5-brane web realization. This geometry however leads to an
inconsistent 5d field theory according to the criteria suggested in [14]. The associated
field theory violates unitarity on Coulomb branch when all masses are switched off.
So it has no consistent Coulomb branch unless we turn on certain mass parameters for
the matter fields, which signals that the 5d theory has no consistent UV completion.
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h2F3
F5
F1
F5
(0,1) (-1,1)
(1,-1)
(0,1)
(a) (b)
ef h
ef h
e f
f eh
1
2
2
1|1
|2
3|1
F5|2
Figure 4. (a) The 5-brane web for a non-toric threefold of two intersecting surfaces S1 = F3
and S2 = F5. (b) The 5-brane web for a non-toric threefold of S1 = F1 and S2 = F5 which
is the resulting 5-brane web after the Hanany-Witten transition is implemented on the
5-brane web (a) with (−1, 1) 7-brane.
However, we can deform this geometry to another geometry by applying complex
structure deformation [14]. The deformed geometry is a CY3 of S1 = F1, S2 = F5
glued along a curve C|S1 = h+f, C|S2 = e. This geometry then leads to a consistent
5d field theory with non-trivial Coulomb branch while showing the same physics as
the original threefold when masses are turned on, up to some decoupled sectors.
So it makes sense to study physics of M-theory compactification on the deformed
geometry. This complex structure deformation in geometry can be implemented
in brane web as a Hanany-Witten transition [29]. In the case at hand, the complex
structure deformation is a Hanany-Witten transition moving the (−1, 1) 7-brane
along with the (1,−1) direction as shown with the arrow in Figure 4(a). As a result
of the transition, we have the diagram in Figure 4(b) with the (1,−1) 7-branes on
which two (1,−1) 5-branes end. This deformed brane web in Figure 4(b) realizes the
threefold of F1 ∪ F5. Here the Hirzebruch surface F1 is manifest, while the second
surface F5 is non-trivially realized. The surface F5 is a combination of two other faces
enclosed by colored edges in the web diagram in Figure 4(b). The gluing curve C is a
union of the blue edges at the intersection F1 ∩F5. The union of the purple edges in
F5 is the section class h. Such non-trivial realization of F5 should be understood as
an effect of the (1,−1) 5-brane crossing over F5 and ending on the (1,−1) 7-brane.
One can compare the brane web against the threefold of S = S1 ∪ S2 with
S1 = F1, S2 = F5. One readily finds the prepotential of the geometry
6FF1∪F5 = 8φ31 + 8φ32 − 15φ21φ2 + 9φ1φ22 . (2.19)
The lengths of the internal edges in Figure 4(b) are fixed from the volumes of geo-
metric 2-cycles given as
vol(e|S1) = φ1 − φ2 , vol(f |S1) = 2φ1 − φ2 ,
vol(h|S1) = 3φ1 − 2φ2 , vol(f |S2) = 2φ2 − φ1 . (2.20)
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With these parameters in the brane web, one obtains the areas of the closed faces as
T1 =
1
2
(2φ1 − φ2)(4φ1 − 3φ2) , T2 = 1
2
(2φ2 − φ1)(5φ1 + 4φ2) . (2.21)
The integration of these areas yields the same prepotential as (2.19), as expected. It
implies in turn that the tensions of magnetic monopole strings corresponding to the
volumes of 4-cycles in the geometry are same as the areas of the compact faces in the
corresponding 5-brane web in Figure 4(b). This hence supports the brane realization
of the non-toric threefold given by S = F1 ∪ F5.
Another non-toric example is given in Figure 5. The diagram in Figure 5(b) is
a typical 5-brane web for the 5d SO(8) gauge theory. The associated geometry is
a non-toric Calabi-Yau threefold formed by four Hirzebruch surfaces S1 = F2, S2 =
F0, S3 = F2, and S4 = F2 which is illustrated as the diagram in Figure 5(a). An
interesting yet simple structure of these surfaces is that there are three gluing curves
Ci with i = 1, 2, 3 at the intersections S1 ∩ S2, S3 ∩ S2, and S4 ∩ S2, respectively.
More precisely, the gluing curves are
C1|S1 = e|S1 , C2|S3 = e|S3 , C3|S4 = e|S4 , C1|S2 = C2|S2 = C3|S2 = h|S2 . (2.22)
One can identify the compact faces labeled by circled numbers in Figure 5(b) as the
Hirzebruch surfaces in CY3. The map is given as follows:
F2|1 = 1© , F0|2 = 2© , F2|3 = 3© , (2.23)
and
F2|4 = 3©+ 2 · 4© . (2.24)
As one may notice, the fourth surface S4 = F2 is not a single face but rather non-
trivially realized as a combination of multiple faces surrounded with the red edges.
This happens due to an O5-plane at the bottom. So one way of constructing brane
webs for non-toric threefolds is to use orientifold planes in a 5-brane configuration.
One can again check the brane web realization by comparing the prepotential. In
geometry, the prepotential computation is straightforward. The intersection struc-
ture above yields
6FF2∪F0∪F2∪F2 = 8
4∑
i=1
φ3i − 6φ22(φ1 + φ3 + φ4) . (2.25)
The volumes of the 2-cycles in the threefold are
vol(h|S2) = vol(e|S1) = vol(e|S3) = vol(e|S4) = 2φ2 ,
vol(h|S1) = 4φ1 , vol(h|S3) = 4φ2 , vol(h|S1) = 4φ3 , (2.26)
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Figure 5. (a) A non-toric threefold of four surfaces F2 ∪ F0 ∪ F2 ∪ F2. (b) The brane web
for the threefold (a). This is also a brane web for the 5d SU(8) gauge theory at low energy.
and
(vol(f |S1), vol(f |S2), vol(f |S3), vol(f |S4)) =

2 −1 0 0
−1 2 −1 −1
0 −1 2 0
0 −1 0 2
 ·

φ1
φ2
φ3
φ4
 . (2.27)
So the fiber classes fSi form the Cartan matrix of SO(8) algebra.
The volumes of curves in (2.26) fix the parameters of the brane web in Figure
5(b). In terms of the geometric parameters, the areas of the internal faces read
T 1© = (2φ1 − φ2)(2φ1 + φ2) , T 2© = 2φ2(2φ2 − φ1 − φ3 − φ4) ,
T 3© = (2φ3 − φ2)(2φ3 + φ2) , T 3©+2 4© = (2φ4 − φ2)(2φ4 + φ2) . (2.28)
Indeed, the prepotential obtained by integrating these areas agrees with the prepo-
tential (2.25) of the non-toric threefold above.
3 SO(N) theories on −3 curve
In this section we construct 5-brane webs for circle compactifications of 6d SCFTs
with SO(N) gauge symmetry supported on a −3 curve in the base of the elliptic
Calabi-Yau threefold in F-theory compactification [27, 30]. We shall first consider
a Type IIB 5-brane web for the 6d SCFT with SO(12) × Sp(2) gauge symmetry
when compactified on a circle and discuss how the brane web changes following RG
flows in its Higgs branches. These RG flows in the brane system yield the (p, q)
5-brane realizations for the theories on a −3 curve we are interested in. We will
also extend this construction to involve new Higgs branch flows giving rise to twisted
compactifications of 6d SCFTs. The hierarchy of RG fixed points that we will discuss
in this section is given in Figure 6.
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SO(10) + 3F+ 1S
SO(11) + 4F+ 12S
SO(12) + 5F+ 12S
SO(9) + 2F+ 1S
SO(8) + 1F+ 1S+ 1C
SO(7) + 2S
G2 + 1F
SU(3)
(SO(10)+3F+1S)/Z2
(SO(8)+1F+1S+1C)/Z2
(SU(3))/Z2
Untwisted
Twisted
Figure 6. Higgsing hierarchy on a −3 curve. F,S, and C denote the fundamental, the
spinor, and the conjugate spinor representation of gauge groups respectively.
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O5+ O5− O5−O5+
O5+ O5− O5−O5+
(a) (b) (c)
Figure 7. (a) A 5-brane configuration for the 6d [Sp(2)]
so12
4
sp2
1 [SO(12)] theory. (b)
Higgsing (a) by using a pair of two Sp(2) fundamental hypermultiplets. The resulting
5-brane web is dual to the 6d SO(12) gauge theory on a −4 curve intersecting with a −1
curve, [Sp(4)]
so12
4 1 [SO(4)]. The (blue) dotted lines denote the monodromy cuts of (1,0)
7-branes on the left, while the (red) dotted lines denote the monodromy cuts of Higgsed
7-branes on the right. (c) An equivalent diagram by sending two D7-branes in the digram
(b) to the left. The (red) dotted lines are oriented such that they point to the right through
the O5-planes.
3.1 Untwisted theories
We start with the 6d SCFT with a product gauge group SO(12)× Sp(2) where the
SO(12) gauge symmetry is on a −4 curve while the Sp(2) gauge symmetry is over a
−1 curve. In the convention in [27], this theory can be depicted as
[Sp(2)]
so12
4
sp2
1 [SO(12)] . (3.1)
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We shall consider various RG flows of this theory developed by vevs of Higgs scalar
fields in the hypermultiplets.
This theory has a 5-brane web realization in Type IIB string theory as depicted
in Figure 7(a). There are six and two internal D5-branes suspended between other
(p, q) 5-branes in the middle of the diagram. With two O5-planes on the top and
the bottom of the diagram, string states stretched between them implement the
SO(12)×Sp(2) gauge bosons and bi-fundamental matter. Other external D5-branes
give rise to the global symmetry Sp(2)× SO(12).
We remark that in Figure 7, we have chosen the directions of 7-brane monodromy
cuts such that they point still the same direction even after the Hanany-Witten
transition. For instance, the monodromy cuts of two 7-branes on the right of Figure
7(b) are oriented along (1,0) direction (to the right), and the same 7-branes moved
to the left by the Hanany-Witten transition are still assigned such that they point
to the right along the O5-planes, as shown in Figure 7(b). It is then straightforward
that the charges are conserved on the O5-planes. From here on, the orientation of
7-brane monodromy cuts should be understood such that the charges are conserved
on 5-branes. See Appendix B for more details.
Let us now discuss Higgs branches associated with the scalars in the Sp(2) fun-
damental hypermultiplets charged under the SO(12) flavor symmetry. We shall give
a non-trivial vev to these Higgs scalars such that only the SO(8) part in the SO(12)
flavor symmetry remains unbroken. The RG flow followed by this Higgs vev leads
to a new IR SCFT which now has SO(12) × Sp(1) gauge symmetry. Given this IR
theory, we can perform another Higgsing breaking the SO(8) symmetry to SO(4)
flavor symmetry. Consequently we reach another IR theory that is the 6d SCFT with
SO(12) gauge symmetry. This sequence of RG flows can be summarized as [31]:
[Sp(2)]
so12
4
sp2
1 [SO(12)] → [Sp(3)] so124
sp1
1 [SO(8)] → [Sp(4)] so124 1 [SO(4)] . (3.2)
In the brane web, the first Higgsing of the Sp(2) fundamental scalars amounts to
aligning two external SO(12) D5-branes and an internal Sp(2) D5-brane together so
that two external D5-branes can end on a single D7-brane while keeping the S-rule
[29]. The diagram in Figure 7(b) shows the RG flow in the brane web that Higgses
the UV SO(12)× Sp(2) gauge symmetry to the SO(12) symmetry in IR. Two black
dots in this diagram denote D7-branes and two external D5-branes are ending on
each 7-brane. As one can see the Sp(2) gauge symmetry on the right side is fully
Higgsed. This brane web hence corresponds to the 6d SCFT with the SO(12) gauge
symmetry over a −4 curve intersecting with a −1 curve. This theory (or the brane
web) has Sp(4)×SO(4) global symmetry. This will become manifest in an equivalent
brane web given in the Figure 7(c) which we can obtain from the diagram (b) by the
Hanany-Witten transitions after moving two 7-branes to the left-side.
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(c)(a) (b)
(a) (b) (c)
O5+ O5− O5−
O5+ O5− O5−O5+
Figure 8. (a) A 5-brane web for the 6d [Sp(4)]
so12
4 1 [SO(4)] theory. (b) The brane web
for the 6d SO(12) gauge theory on a −3 curve, [Sp(5)] so123 . (c) An equivalent web diagram
after the Hanany-Witten transition moving the 7-brane on the right hand side to the left
hand side on the diagram (b).
SO(12) gauge theory Now we will blow down the −1 curve in the base. Blow-
down of an exceptional curve decreases the self-intersection numbers of adjacent
curves by one. So, after doing this, we expect that our theory reduces to a 6d theory
over a single curve of the self-intersection −3 in the base. This blowdown of −1 curve
can also be done by a Higgsing. In the brane diagrams in Figure 8, we first deform
the diagram in Figure 7(c) to Figure 8(a). This deformation is a smooth transition by
tuning the positions of (p, q)-branes near orientifold planes as discussed in [32]. Now
a new Higgs branch can open up in the new diagram where the heights of two exter-
nal D5-branes on the right hand side are aligned with height of the adjacent internal
D5-brane, as depicted in Figure 8(b). We claim that this is the Higgsing blowing
down the −1 curve in the base while leaving a single −3 curve with gauge group
SO(12). More precisely, the transition from the 5-brane configuration of Figure 8(a)
to that of Figure 8(b) is equivalent to the Higgsing in the 6d field theory
[Sp(4)]
so12
4 1 [SO(4)] → [Sp(5)] so123 . (3.3)
So we propose that the brane diagram in Figure 8(b) (or Figure 8(c) after Hanany-
Witten transition) is a Type IIB realization of the 6d SCFT of SO(12) gauge symme-
try on a −3 curve coupled to five hypermultiplets in the fundamental representation
and an half-hypermultiplet in the spinor representation of the SO(12).
We can associate this brane web with the dual CY3 geometry of the 6d SO(12)
SCFT on −3 curve when compactified on a circle. The corresponding CY3 geometry
is given in [15]. An elliptic Calabi-Yau threefold for a 6d theory after resolving all
the singularities can be represented by a collection of compact Ka¨hler surfaces (or
four-cycles) with finite volumes, each of which is a ruled surface over a genus g curve
possibly with a number of blowups as we discussed above.
The geometry for the SO(12) theory is drawn in Figure 9(a). This diagram
represents the intersection structure of 7 complex ruled surfaces Si, (i = 0, 1, · · · 6)
with Ka¨hler parameters φi in an elliptically fibered Calabi-Yau threefold. We can
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Figure 9. (a) The elliptic threefold for the 6d SO(12) theory with 5 fundamentals and a
1/2 spinor. (b) The 5-brane web dual to the geometry in (a).
compute the cubic prepotential (or the triple intersection numbers) of this geometry
by employing the computation algorithm given in the previous section. The result is
6FSO(12) = 8φ30 + 6φ31 + 8φ32 + 8φ33 + 7φ34 + 8φ35 − 2φ36 − 3φ20φ2 − 3φ0φ22 − 9φ1φ22
+3φ21φ2 − 6φ1φ23 − 3φ21φ4 − 3φ1φ24 − 6φ1φ25 − 9φ22φ3 + 3φ2φ23 − 15φ23φ4
+9φ3φ
2
4 − 21φ24φ5 + 15φ4φ25 − 18φ24φ6 + 12φ4φ26 − 30φ25φ6
+6φ1φ2φ3 + 6φ1φ3φ4 + 6φ1φ4φ5 + 30φ4φ5φ6 . (3.4)
We can compare this geometry against our brane web configuration. For this, we
use the brane web in Figure 9(b) which can be obtained from the diagram in Figure
8(c) by a series of flop transitions as well as brane moves discussed in Appendix A.
A collection of internal faces in a 5-brane web can be identified with compact
Ka¨hler surfaces in the dual geometry. In the case at hand, the internal faces of the
5-brane web in Figure 9(b) can be associated with the surfaces Si in the geometry
as follows:
F1|0 = 1© , F23|1 = 1©+ 2 · 7©+ 8© , F1|2 = 2© , F3|3 = 3© ,
F15|4 = 4© , F7|5 = 5©+ 9© , F106 |6 = 5©+ 2 · 6© . (3.5)
The 2-cycles in the geometry can also be identified with internal edges in a 5-brane
web. For example, all the fiber classes f |Si are identified with the edges denoted
by Wi’s, which give rise to W-bosons in the low energy field theory. We note that
– 15 –
the charges of the 7 fiber classes form the Cartan matrix of the affine SO(12) gauge
algebra as
vol(f |S0 , f |S1 , f |S2 , f |S3 , f |S4 , f |S5 , f |S6) =

2 0 −1 0 0 0 0
0 2 −1 0 0 0 0
−1 −1 2 −1 0 0 0
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 −1
0 0 0 0 −1 2 0
0 0 0 0 −1 0 2

·

φ0
φ1
φ2
φ3
φ4
φ5
φ6

,
(3.6)
which is expected for SO(12) gauge algebra. The edge between compact faces 1© and
2© is identified with the gluing curve of C|S0 = e and C|S2 = e between S0 and S2
whose volume is vol(c) = φ0 + φ2. With this identification, lengths of internal edges
in the brane web are fixed by the volumes of the associated 2-cycles in terms of the
Ka¨hler parameters φi (also mi for non-compact Ka¨hler parameters) and the result
is written on the brane diagram in Figure 9(b). The areas of the internal compact
faces of the 5-brane web in Figure 9(b),
∂FSO(12)
∂φi
(i = 0, · · · , 6), are then given by
T 1© =
1
2
(4φ0+φ2)(2φ0−φ2) ,
T 1©+2 7©+ 8© =
1
2
(6φ21−3φ22−2φ23−φ24−2φ25+2φ2(φ1+φ3)+2φ4(−φ1+φ3+φ5)) ,
T 2© =
1
2
(4φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© =
1
2
(2φ3−φ2−φ4)(4φ3−2φ1+3φ2−3φ4) ,
T 4© =
1
2
(−φ21−5φ23+7φ24+5φ25+4φ26+ 2φ1(φ3+φ5)+10φ5φ6+2φ4(3φ3−φ1−7φ5−6φ6)),
T 5©+ 9© =
1
2
(2φ5−φ4)(4φ5−2φ1+7φ4−10φ6) ,
T 5©+2 6© = −3φ24−5φ25−φ26 + φ4(5φ5 + 4φ6) . (3.7)
The result perfectly agrees with the volumes of compact surfaces which come from
first derivatives of the triple intersection numbers with respect to φi in the threefold
of the SO(12) theory given in equation (3.4). This strongly supports our proposal
of the 5-brane web for the 6d SO(12) SCFT on a −3 curve, given in Figure 9(b).
SO(11) gauge theory We shall now Higgs the above brane diagram for the 6d
SO(12) theory to obtain the brane configurations for a family of 6d SCFTs on −3
curve. Our first example is the Higgsing to the 6d SCFT of SO(11) gauge symmetry
with 4 fundamental hypermultiplets and a 1/2 spinor hypermultiplet. As the Higgs
branch opens up in the massless limit at certain subspace in the Coulomb moduli,
this Higgsing is achieved by bringing the top internal and the top external D5-branes
– 16 –
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2 2    0    1    3
<latexit sha1_base64="Kp2 i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1p fUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hx oYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztr W9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ +94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrj u3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJ IE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE 1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEB dV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66 gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg== </latexit><latexit sha1_base64="Kp2 i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1p fUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hx oYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztr W9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ +94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrj u3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJ IE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE 1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEB dV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66 gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg== </latexit><latexit sha1_base64="Kp2 i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1p fUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hx oYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztr W9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ +94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrj u3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJ IE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE 1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEB dV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66 gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg== </latexit><latexit sha1_base64="Kp2 i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1p fUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hx oYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztr W9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ +94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrj u3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJ IE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE 1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEB dV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66 gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg== </latexit>
2 0    2
<latexit sha1_base64="HxW eLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W +qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji 1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/ sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6 p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9ID Qo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVO CY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14v NdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQ VVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDz DK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxW eLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W +qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji 1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/ sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6 p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9ID Qo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVO CY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14v NdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQ VVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDz DK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxW eLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W +qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji 1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/ sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6 p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9ID Qo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVO CY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14v NdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQ VVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDz DK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxW eLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W +qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji 1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/ sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6 p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9ID Qo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVO CY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14v NdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQ VVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDz DK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit>
 1    0
<latexit sha1_base64="rAv i7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34Wet X1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx 6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/s Fh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381ph rIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQ L1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxt wE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlG t0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKN gR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7 hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAv i7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34Wet X1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx 6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/s Fh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381ph rIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQ L1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxt wE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlG t0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKN gR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7 hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAv i7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34Wet X1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx 6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/s Fh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381ph rIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQ L1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxt wE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlG t0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKN gR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7 hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAv i7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34Wet X1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx 6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/s Fh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381ph rIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQ L1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxt wE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlG t0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKN gR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7 hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit>
3 0
<latexit sha1_base64="nNkpuXjFgj/PBta9C/ZQmoR8Hbo= ">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JrBT0WvHisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZer DgzNgi+vdLG5tb2Tnm3srd/cHhUPT5pmzTThLZIylPdjbGhnEnassxy2lWaYhFz2oknd3O/80S1Yal8tFNFI4FHkiWMYOukTr2v xmwQDKq1wA8WQOskLEgNCjQH1a/+MCWZoNISjo3phYGyUY61ZYTTWaWfGaowmeAR7TkqsaAmyhfnztCFU4YoSbUradFC/T2RY2H MVMSuU2A7NqveXPzP62U2uY1yJlVmqSTLRUnGkU3R/Hc0ZJoSy6eOYKKZuxWRMdaYWJdQxYUQrr68TtpXflj3w4frWsMv4ijDGZ zDJYRwAw24hya0gMAEnuEV3jzlvXjv3seyteQVM6fwB97nD6gmjw4=</latexit>
m1  m2
<latexit sha1_base64="zch NBqoKSSQ0zY5ZprN1AzHGLuQ=">AAAB7nicbVBNS8NAEJ3Ur1q /qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMi Xv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw 6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5 RpVkiH800pYHAI8liRrCxUleE/pUI62G15rneAmid+AWpQYFWW P0aDBOSCSoN4Vjrvu+lJsixMoxwOqsMMk1TTCZ4RPuWSiyoDv LFuTN0YZUhihNlSxq0UH9P5FhoPRWR7RTYjPWqNxf/8/qZiW+D nMk0M1SS5aI448gkaP47GjJFieFTSzBRzN6KyBgrTIxNqGJD8 FdfXieduus3XP/hutZ0izjKcAbncAk+3EAT7qEFbSAwgWd4hTc ndV6cd+dj2VpyiplT+APn8wdUkI7X</latexit>
m2  m3
<latexit sha1_base64="mF9 CZ/bJwD5rcAWbX4TDYucCr6s=">AAAB7nicbVBNS8NAEJ3Ur1q /qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMi Xv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw 6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5 RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKts Po1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHe SLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98G OZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4 K++vE46dddvuP7Dda3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9 O6rw4787HsrXkFDOn8AfO5w9XnI7Z</latexit>
m3  m4
<latexit sha1_base64="EWJ wcJziPoNi7IoFWsqsf5JPEwM=">AAAB7nicbVBNS8NAEJ3Ur1q /qh69LBbBiyGxBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMi Xv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw 6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5 RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKts Po1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHe SLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98G OZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4 K++vE46165fd/2HRq3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9 O6rw4787HsrXkFDOn8AfO5w9aqI7b</latexit>
2 5    4  m1
<latexit sha1_base64="m10 o+ZBU0ECe21U4E4ZUD1RgR5s=">AAAB+3icbVC7TsMwFHXKq5R XKCOLRYXE0igpRTBWYmEsEn1IbRQ5rtNatZ3IdhBV1F9hYQAh Vn6Ejb/BTTNAy5Gu7tE598rXJ0wYVdp1v63SxubW9k55t7K3f3 B4ZB9XuypOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemF09uF33s kUtFYPOhZQnyOxoJGFCNtpMCuNobJhAZX9bw16zzwArvmOm4Ou E68gtRAgXZgfw1HMU45ERozpNTAcxPtZ0hqihmZV4apIgnCUz QmA0MF4kT5WX77HJ4bZQSjWJoSGubq740McaVmPDSTHOmJWvUW 4n/eINXRjZ9RkaSaCLx8KEoZ1DFcBAFHVBKs2cwQhCU1t0I8Q RJhbeKqmBC81S+vk27D8S4d775ZazlFHGVwCs7ABfDANWiBO9A GHYDBE3gGr+DNmlsv1rv1sRwtWcXOCfgD6/MHQoyTOA==</la texit>
2 4    3   2 5
<latexit sha1_base64="2J0 sOWbf2J6Vwj54cKOs+ntWyLg=">AAAB/3icbVDLSgMxFL1TX7W +RgU3boJFcNMy01Z0WXDjsoJ9QDsMmTTThmYeJBmhjF34K25c KOLW33Dn35hOZ6GtB0JOzrmXe3O8mDOpLOvbKKytb2xuFbdLO7 t7+wfm4VFHRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3Jzdz vPlAhWRTeq2lMnQCPQuYzgpWWXPOkNojHzG1UsqteWTwvXbNsV a0MaJXYOSlDjpZrfg2GEUkCGirCsZR924qVk2KhGOF0Vhokks aYTPCI9jUNcUClk2b7z9C5VobIj4Q+oUKZ+rsjxYGU08DTlQFW Y7nszcX/vH6i/GsnZWGcKBqSxSA/4UhFaB4GGjJBieJTTTART O+KyBgLTJSOrKRDsJe/vEo6tapdr9p3jXKzmsdRhFM4gwuw4Qq acAstaAOBR3iGV3gznowX4934WJQWjLznGP7A+PwBDG6UxA== </latexit>
m4
<latexit sha1_base64="Mcc rEAhFDYyitMfwksnjzIzLS2c=">AAAB63icbVBNS8NAEJ3Ur1q /qh69LBbBU0m0oMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDE q3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cH hUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnF jRaQfcRZzX9GxFqFgFHNJDRuVYbXm1t0FyDrxClKDAq1h9Wswi liiuEYmqbV9z43RT6lBwSSfVwaJ5TFlUzrm/Yxqqrj108Wtc3 KRKSMSRiYrjWSh/p5IqbJ2poKsU1Gc2FUvF//z+gmGt34qdJwg 12y5KEwkwYjkj5ORMJyhnGWEMiOyWwmbUEMZZvHkIXirL6+Tz lXdu657D41as17EUYYzOIdL8OAGmnAPLWgDgwk8wyu8Ocp5cd6 dj2VrySlmTuEPnM8fL4KNmw==</latexit>
 0 +  2
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Figure 10. (a) The elliptic threefold for the 6d SO(11) theory with 4 fundamentals and
a 1/2 spinor hyper. (b) A dual brane web for (a).
together toward the top orientifold 5-brane in Figure 9(b). This is a standard Higgs-
ing procedure from SO(2N) to SO(2N−1) in a 5-brane web, where a hypermultiplet
in the fundamental representation of SO(2N) becomes massless. In other words, we
set the masses (or heights of D5-branes) as
φ6 − φ5 = m5 = 0 , (3.8)
in the 5-brane web given in Figure 9(b). This leads to the 5-brane configuration in
Figure 10(b). We claim that this brane configuration implements the 6d SCFT with
SO(11) gauge symmetry coupled to 4 fundamental hypers and a 1/2 spinor hyper.
The resolved CY3 geometry for this theory is given in [15], which is summa-
rized in Figure 10(a). From the intersection structure of 6 compact surfaces Si, i =
0, 1, · · · , 5, we compute the cubic prepotential for this geometry
6FSO(11) = 8φ30 + 6φ31 + 8φ32 + 8φ33 + 7φ34 − 24φ35 − 3φ20φ2 − 3φ0φ22 − 9φ1φ22 + 3φ21φ2
−6φ1φ23 − 3φ21φ4 − 3φ1φ24 − 6φ1φ25 − 9φ22φ3 + 3φ2φ23 − 15φ23φ4 + 9φ3φ24
−39φ24φ5 + 57φ4φ25 + 6φ1φ2φ3 + 6φ1φ3φ4 + 6φ1φ4φ5 . (3.9)
We can identify our 5-brane configuration with this geometry. The relation
between the compact Ka¨hler surfaces in geometry and the internal faces in the brane
diagram is given by
F1|0 = 1© , F23|1 = 1©+ 2 · 7©+ 8© , F1|2 = 2© ,
F3|3 = 3© , F15|4 = 4© , F13,4|5 = 2 · 5©+ 6© . (3.10)
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Figure 11. (a) The elliptic threefold for the 6d SO(10) theory with 3 fundamentals and
a spinor. (b) The dual brane web for (a).
This relation can be checked by comparing the monopole string tensions with respect
to the Ka¨hler parameters φi. In the brane configuration, the monopole string tensions
(or the areas of the internal faces) are
T 1© =
1
2
(4φ0 + φ2)(2φ0 − φ2) ,
T 1©+2 7©+ 8© =
1
2
(6φ21−3φ22−2φ23−φ24−2φ25+2φ2(φ1+φ3)−2φ4(φ1−φ3−φ5)) ,
T 2© =
1
2
(4φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© =
1
2
(2φ3−φ2−φ4)(4φ3−2φ1+3φ2−3φ4) , (3.11)
T 4© =
1
2
(−φ21−5φ23+7φ24+19φ25+2φ1(φ3+φ5) + 2φ4(−φ1+3φ3−13φ5)) ,
T2 5©+ 6© =
1
2
(φ4−2φ5)(2φ1−13φ4+12φ5).
As expected, these tensions agree with the volumes of Ka¨hler surfaces in the geom-
etry.
SO(10) gauge theory Next, we will Higgs this 6d SO(11) theory down to the
6d SCFT of SO(10) gauge symmetry with 3 fundamentals and one spinor hyper.
Similarly to the previous case, we give a Higgs vev to a fundamental scalar field and
take the vev to infinity. In the brane web, this can be achieved by tuning the mass
parameter m4 to zero. The resulting brane web is given in Figure 11(b) (up to an
additional flop transition).
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The resolved Calabi-Yau threefold for this theory [15] is summarized in Figure
11(a). The cubic prepotential of this threefold is
6FSO(10) = 8φ30 + 7φ31 + 8φ32 + 7φ33 + 8φ34 + φ35 − 3φ20φ2 − 3φ0φ22 − 9φ1φ22 + 3φ21φ2
−3φ21φ3 − 3φ1φ23 − 3φ21φ5 − 3φ1φ25 − 9φ22φ3 + 3φ2φ23 − 12φ23φ4 + 6φ3φ24
−15φ23φ5 + 9φ3φ25 − 18φ24φ5 + 6φ1φ2φ3 + 6φ1φ3φ5 + 18φ3φ4φ5 . (3.12)
The map between the compact four-cycles in the geometry and the internal faces in
the brane web is
F1|0 = 1© , F13|1 = 1©+ 2 · 7©+ 8© , F1|2 = 2© , F13|3 = 3© ,
F4|4 = 4© , F74|5 = 4©+ 2 · 5©+ 6© . (3.13)
We can compute the monopole string tensions from the brane web and the results
are
T 1© =
1
2
(4φ0 + φ2)(2φ0 − φ2) ,
T 1©+2 7©+ 8© =
1
2
(7φ21−3φ22−φ23−φ25+2φ1(φ2−φ3−φ5)+2φ3(φ2+φ5)) ,
T 2© =
1
2
(4φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© =
1
2
(−φ21−3φ22+7φ23+2φ24+3φ25+2φ1(φ2−φ3+φ5)+2φ3(φ2−4φ4−5φ5)+6φ4φ5) ,
T 4© = (2φ4−φ3)(2φ4+2φ3−3φ5) ,
T 4©+2 5©+ 6© =
1
2
(−φ21−5φ23−6φ24+φ25−2φ1φ5+2φ3(φ1+3φ4+3φ5)) , (3.14)
which are in perfect agreement with the volumes of compact Ka¨hler surfaces in the
geometry obtained from the prepotential above.
SO(9) gauge theory By the same mechanism we can obtain all other 6d SCFTs
on a −3 curve in the RG flow hierarchy. It is hence straightforward to find the brane
diagram of the 6d SCFT on −3 curve with SO(9) gauge symmetry. We pull the top
internal and the top external D5-branes on the left side toward the top orientifold
plane. This corresponds to tuning the distances as m3 = 0 and φ5 − φ4 = 0 followed
by a series of flop transitions. The final diagram is illustrated in Figure 12(b). This
is the brane web for the 6d SO(9) gauge theory on −3 curve.
The corresponding CY3 geometry is summarized in Figure 12(a) and the prepo-
tential of this geometry can be obtained from the geometry as
6FSO(9) = 8φ30 + 7φ31 + 8φ32 + 7φ33 − 9φ34 − 3φ20φ2 − 3φ0φ22 − 9φ1φ22 + 3φ21φ2
−9φ22φ3 + 3φ2φ23 − 3φ21φ3 − 3φ1φ23 − 3φ21φ4 − 3φ1φ24
−27φ23φ4 + 33φ3φ24 + 6φ1φ2φ3 + 6φ1φ3φ4 . (3.15)
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Figure 12. (a) The elliptic threefold for the 6d SO(9) theory with 2 fundamentals and a
spinor. (b) A dual brane web to the geometry (a).
We can associate the geometry and the brane configuration by the map
F1|0 = 1© , F13|1 = 1©+ 2 · 6©+ 7© , F1|2 = 2© ,
F13|3 = 3© , F18,2|4 = 2 · 4©+ 5© . (3.16)
Note that the geometry in Figure 12(a) does not look the same as the geometry for
the 6d SO(9) theory on a −3 curve given in [15]. However it turns out that our
geometry is equivalent to the geometry given in [15] up to a flop on the exceptional
curve x in F 18,2.
The monopole string tensions from the brane configuration are
T 1© =
1
2
(4φ0 + φ2)(2φ0 − φ2) ,
T 1©+2 6©+ 7© =
1
2
(7φ21−3φ22−φ23−φ24+2φ1(φ2−φ3−φ4)+2φ3(φ2+φ4)) ,
T 2© =
1
2
(4φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© =
1
2
(−φ21−3φ22+7φ23+11φ24+2φ1(φ2−φ3+φ4)+2φ3(φ2−9φ4)) ,
T2 4©+ 5© =
1
2
(−φ21−9φ22−9φ24+2φ1(φ3−φ4) + 22φ3φ4) . (3.17)
This result also agrees with the volumes of four-cycles in the geometry obtained from
the cubic prepotential above.
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Figure 13. (a) The elliptic threefold for the 6d SO(8) theory with a fundamental and a
spinor and a conjugate spinor hyper. (b) The dual brane web for the 6d SO(8) theory on
a −3 curve.
SO(8) gauge theory We can further Higgs the SO(9) theory down to the 6d
SCFT with SO(8) gauge symmetry on a −3 curve. Following the procedure dis-
cussed above, we pull the top external D5-brane toward the orientifold plane by
turning off m2. The resulting brane web after a series of flops is given in Figure
13(b). The geometry of the 6d SO(8) gauge theory on a −3 curve [15] given in
Figure 13(a). The threefold has the prepotential
6FSO(8) = 8φ30 + 4φ31 + 8φ32 + 8φ33 + 6φ34 − 3φ20φ2 − 3φ0φ22 + 3φ21φ2 − 9φ1φ22
−6φ1φ23 − 6φ1φ24 − 9φ22φ3 + 3φ2φ23 − 9φ22φ4 + 3φ2φ24 − 6φ23φ4
+6φ1φ2φ3 + 6φ1φ2φ4 + 6φ2φ3φ4 . (3.18)
We can easily identify this geometry with the brane web configuration through the
map given as
F1|0 = 1© , F43|1 = 1©+ 2 · 6©+ 7© , F1|2 = 2© ,
F3|3 = 3© , F23|4 = 3©+ 2 · 4©+ 5© . (3.19)
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Figure 14. (a) Elliptic threefold for the 6d SO(7) theory with two spinor hypers. (b)
Brane web for the 6d SO(7) theory on a −3 curve.
One can compute the monopole string tensions from the brane web and the results
are
T 1© =
1
2
(4φ0+φ2)(2φ0−φ2),
T 1©+2 6©+ 7© =
1
2
(
4φ21−3φ22−2φ23−2φ24+2φ2(φ1+φ3+φ4)
)
,
T 2© =
1
2
(4φ2+φ0−φ1−φ3−φ4)(2φ2−φ0−φ1−φ3−φ4) ,
T 3© =
1
2
(2φ3−φ2)(4φ3+3φ2−2φ1−2φ4) ,
T 3©+2 4©+ 5© =
1
2
(− 3φ22−2φ23+6φ24+2φ2(φ1+φ3+φ4)−4φ1φ4) . (3.20)
These tensions are the same as the volumes of surfaces in the geometry.
SO(7) gauge theory The brane web for the 6d SO(7) gauge theory on −3 curve
can be obtained from the SO(8) diagram by another standard Higgsing that uses
an SO(8) fundamental scalar vev. Then we obtain the web diagram in Figure 14(b)
and this brane configuration amounts to the 6d SCFT with SO(7) gauge symmetry
coupled to two spinor hypermultiplets. The associated CY3 geometry is drawn in
Figure 14(a) [15]. One computes the prepotential of this geometry as
6FSO(7) = 8φ30 + 4φ31 + 8φ32 + 8φ33 − 3φ20φ2 − 3φ0φ22 − 9φ1φ22 + 3φ21φ2
−12φ1φ23 − 18φ22φ3 + 12φ2φ23 + 12φ1φ2φ3 . (3.21)
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Figure 15. (a) The elliptic threefold for the 6d G2 gauge theory with a fundamental
hyper. (b) The brane web for this 6d G2 theory.
The brane diagram can also be compared to the geometry with the identification of
compact surfaces as
F1|0 = 1© , F43|1 = 1©+ 2 · 5©+ 6© , F1|2 = 2© , F6|3 = 2 · 3©+ 4© . (3.22)
The volume of these surfaces from the web diagram are
T 1© =
1
2
(2φ0 − φ2)(4φ0 + φ2) ,
T 1©+2 5©+ 6© =
1
2
(4φ21 + 2φ1φ2 − 3φ22 + 4φ2φ3 − 4φ23) ,
T 2© =
1
2
(φ0 + φ1 − 2φ2 + 2φ3)(−φ0 + φ1 − 4φ2 + 2φ3) ,
T2 3©+ 4© = (φ2 − 2φ3)(2φ1 − 3φ2 − 2φ3) . (3.23)
This result is in perfect agreement with the geometric result.
G2 gauge theory We can now consider an interesting RG flow from an SO(7)
gauge theory to an exceptional G2 gauge theory generated by a large Higgs vev of an
SO(7) spinor operator. This Higgsing has a natural realization in the SO(7) brane
web. Two spinor hypers in the SO(7) gauge theory correspond to two external D5-
branes on the right side in the brane web. So we need to adjust the positions of
these two external D5-branes together so that a Higgs branch opens up. The Higgs
branch diagram is drawn in Figure 15(b). This brane web at low energy implements
the 6d SCFT of G2 gauge symmetry with one fundamental hypermultiplet.
The corresponding threefold (studied in [15]) is given in Figure 15(a). The cubic
prepotential can be obtained from the threefold as
6FG2 = 8φ30 + 8φ32 − 3φ30φ2 − 3φ0φ22 − 27φ1φ22 + 27φ21φ2 . (3.24)
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Figure 16. (a) The elliptic threefold for the 6d SU(3) gauge theory on a −3 curve. (b)
The brane web for the 6d SU(3) theory on a −3 curve.
This geometry is associated with our brane web by the relation
F1|0 = 1© , F9,1|1 = 1©+ 2 · 3©+ 2 · 4©+ 5© , F1|2 = 2© . (3.25)
The volumes of these surfaces can be easily extracted from the brane diagram
T 1© =
1
2
(2φ0 − φ2)(4φ0 + φ2) ,
T 1©+2 3©+2 4©+ 5© =
9
2
(2φ1 − φ2)φ2 ,
T 2© =
1
2
(φ0 − 3φ1 + 4φ2)(−φ0 − 3φ1 + 2φ2) , (3.26)
and the result agrees with the volumes of Ka¨hler surfaces in the geometry.
SU(3) gauge theory Lastly, we will Higgs this G2 brane web down to the web
diagram for the 6d SU(3) gauge theory on a −3 curve. This can be done by simply
tuning the mass parameter in the brane web as m1 = 0. Then the resulting brane
web is in Figure 16(b). The corresponding CY3 consists of three surfaces glued as
drawn in Figure 16(a) and this threefold has the cubic prepotential
6FSU(3) = 9φ30 + 9φ31 + 9φ32 − (φ0 + φ1 + φ2)3 . (3.27)
The three surfaces in the geometry are identified with the faces in the brane web as
F1|0 = 1© , F1|1 = 1©+ 2©+ 2 · 3©+ 2 · 4©+ 5© , F1|2 = 2© . (3.28)
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Moreover, the areas of the internal faces in the brane web
T 1© =
1
2
(2φ0 − φ1 − φ2)(4φ0 + φ1 + φ2) ,
T 1©+ 2©+2 3©+2 4©+ 5© =
1
2
(−φ0 + 2φ1 − φ2)(φ0 + 4φ1 + φ2) ,
T 2© =
1
2
(−φ0 − φ1 + 2φ2)(φ0 + φ1 + 4φ2) (3.29)
perfectly match the volumes of the three surfaces in the geometry.
Since the 6d SU(3) gauge theory on −3 curve is a non-Higgsable theory [33],
we expect that there is no further Higgs branch flow from the SU(3) brane web in
Figure 16(b). Indeed we find no other Higgs transition in this brane configuration.
3.2 Twisted theories
In the previous subsection, we discussed Higgsing procedures of 6d SCFTs induced
by large vevs of scalar fields in hypermultiplets charged under ordinary gauge sym-
metries. In this subsection, we consider a new type of RG flows from the 6d theories
which opens up only after circle compactification at finite radius. When a 6d SCFT
is compactified on a circle, the associated singular elliptic threefold can be resolved
by introducing non-zero Ka¨hler parameters for the compact four-cycles. From the
gauge theory point of view, this corresponds to turning on non-zero holonomies both
for gauge and global symmetries around the 6d circle. In the brane webs, all the
compact faces and the internal edges have finite size by the holonomies.
Now we can tune holonomies such that a charged scalar mode carrying non-zero
Kaluza-Klein momentum along the 6d circle becomes light. We can then consider
giving a non-zero vev to this light scalar mode. This will trigger a Higgs branch flow
to a new 6d theory at low energy living on a circle. This is similar to the standard
Higgs mechanism but now using a Kaluza-Klein momentum state.
Quite interestingly, we find that the RG flows by KK states in the brane systems
we studied above lead to new brane configurations for twisted compactifications of
the 6d SO(2N) gauge theories on −3, which we shall discuss from now on.
First, consider the brane web in Figure 10(b) for the SO(11) gauge theory com-
pactified on a circle. In fact, we need to introduce the 6d circle radius R on this
brane web diagram. Note that the height of the diagram is set by the circle radius.
To restore the circle radius, we can redefine the Ka¨hler parameters as
2φ0 − φ2 → 2φ0 − φ2 + 2R−1 , φ1 − φ0 → φ1 − φ0 −R−1 , (3.30)
while other parameters denoted in the diagram remain the same. Then we flop some
two cycles to get the brane web in Figure 17(a). This brane diagram has another
Higgs branch which opens when we pull the internal and the external D5-branes
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Figure 17. (a) The brane web for the 6d SO(11) theory on −3 curve. (b) The Higgsed
brane web realizes the 6d SO(10) theory on a −3 curve with Z2 twist.
denoted by downward arrows toward the orientifold plane at the bottom. The brane
moves sets the mass parameters as
φ0 = φ1 −R−1 , m1 = R−1 . (3.31)
So the gauge and flavor holonomies are tuned to cancel the Kaluza-Klein mass pro-
portional to R−1. The Higgsed brane web at low energy is given in Figure 17(b).
We claim that this Higgsing turns the SO(11) gauge theory into the SO(10)
gauge theory on a circle with Z2 outer-automorphism twist. This Higgsing is in fact
the same as the Higgsing of the SO(12) brane web in Figure 9(b) to the SO(11) brane
web, but here we used a hypermultiplet scalar carrying KK momentum and affine
gauge charge parameterized by R−1 and φ0 respectively. So in the case at hand we
move the D5-branes associated to this hypermultiplet to the bottom orientifold plane
instead. At the level of 6d gauge algebra after circle compactification, the previous
Higgsing in the SO(12) theory reduces affine SO(12) gauge algebra to affine SO(11)
gauge algebra, which identifies two spinor nodes in the SO(12) Dynkin diagram. On
the other hand, the Higgsing of the SO(11) brane web in this section identifies the
affine node and the fundamental node in the other side of the affine SO(11) Dynkin
diagram. This implies the associated affine gauge algebra after Higgsing is the affine
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Figure 18. (a) The brane web for the 6d SO(8) theory on a −3 curve with Z2 twist. (b)
The brane web for the 6d SU(3) theory on a −3 curve with Z2 twist.
D
(2)
5 algebra which is the affine algebra of SO(10) gauge symmetry with Z2 outer-
automorphism twist. The Higgsing thus leaves a brane configuration exhibiting Z2
outer-automorphism twist of the SO(10) gauge symmetry. We thus expect that the
Higgsed brane web in Figure 17(b) is a brane realization of the 6d SO(10) gauge
symmetry on a −3 curve with Z2 outer-automorphism twist.
This can also be checked from the spectrum of gauge bosons in our brane web.
The gauge bosons come from strings suspending between D5-branes. The gauge
bosons Wi stretched between adjacent D5- and O5-branes have the following masses:
mW1 = 2φ1 − φ2 , mW2 = 2φ2 − 2φ1 − φ3 +R−1 , mW3 = 2φ3 − φ2 − φ4 ,
mW4 = 2φ4 − φ3 − 2φ5 , mW5 = 2φ5 − φ4 . (3.32)
Indeed, their gauge charges in terms of φi form the affine D
(2)
5 Cartan matrix. Note
that three fundamental hypers in the SO(10) theory are expected to remain as three
fundamental hypers of SO(9) subalgebra of the D
(2)
5 , while one SO(10) spinor hyper
reduces to an half-hyper under the SO(9) subalgebra under the Z2 automorphism
twist. The brane web in Figure 17 shows only three masses mi=2,3,4, as well as
the KK mass parameter R−1, for three fundamental hypers in IR. This satisfies our
expectation for the Z2 twisted theory. These results supports our brane web in Figure
17(b) for being the Z2 twist of the 6d SO(10) gauge theory.
We can extend the new type of Higgsing to the other cases. The next example is
the new type of Higgsing on the brane web for the SO(9) gauge theory on a −3 curve
depicted in Figure 12(b). We move one of the SO(9) D5-branes and one external D5-
brane on the left-side toward the orientifold plane at the bottom by tuning the mass
parameters as (3.31). We then obtain the brane web in Figure 18(a). We propose
this brane web diagram for the Z2 outer-automorphism twist of the 6d SO(8) gauge
theory on −3 curve.
This brane web shows the structure of affine D
(2)
4 gauge algebra, which is ex-
pected as the Z2 twist of the affine SO(8) gauge algebra. The gauge bosons from
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Figure 19. Higgsing hierarchy on a −2 curve.
the brane web have the following masses:
mW1 = 2φ1 − φ2 , mW2 = 2φ2 − 2φ1 − φ3 ,
mW3 = 2φ3 − φ2 − 2φ4 , mW4 = 2φ4 − φ3 , (3.33)
which form the affine D
(2)
4 Cartan matrix as expected. Moreover, the Higgsed brane
web has only two mass parameter m1,m2 and it manifests the fact that the Z2
twist of the SO(8) theory with a fundamental and a spinor and a conjugate spinor
hypermultiplet has two mass parameters for its global symmetry.
Another example is the Higgsing of the G2 gauge theory with one fundamental
hyper. We can consider the new Higgs brane flow in the brane diagram for this theory
in Figure 15(b). We find that the diagram can be Higgsed to the brane web in Figure
18(b) by putting one internal and one external D5-branes on the orientifold plane at
the bottom. The Higgsed brane web turns out to be the brane web for the 5d SU(3)
gauge theory at Chern-Simons level k = 9 proposed in [12, 34]. Incidentally, this 5d
theory is conjectured to be the 6d SU(3) minimal SCFT with Z2 outer-automorphism
twist on a circle and the dual Calabi-Yau geometry is proposed as S = F0 ∪ F10 in
[14]. So this example provides another Higgs branch flow leading to 6d theories with
twisted compactification.
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Figure 20. (a) The brane web for the 6d SO(12)× Sp(2)× Sp(2) gauge theory. (b) The
brane web for the 6d SO(12) gauge theory on a −2 curve by Higgsing of (a).
4 SO(N) theories on −2 curve
The discussion in the previous section shows that a family of (p, q)-brane webs for
circle compactifications of 6d SCFTs on a −3 curve can be systematically obtained
by RG-flows from a known brane configuration. In this section, we shall consider a
natural generalization of this discussion now on the rank 2 (D6, D6) conformal matter
theory [27, 35]. This will allows us to engineer new interesting (p, q)-brane webs for
6d SCFTs now on a −2 curve. The hierarchy of RG fixed points we shall discuss in
this section is drawn in Figure 19.
4.1 Untwisted theories
SO(12) gauge theory We start with the brane web in Figure 20(a). This web is
for the 6d SCFT of Sp(2)×SO(12)×Sp(2) gauge symmetry coupled to three tensor
multiplets denoted as [27, 35]
[SO(12)]
sp2
1
so12
4
sp2
1 [SO(12)] , (4.1)
which is also called as the rank 2 (D6, D6) conformal matter theory. We can Higgs
this brane web by using external D5-branes of SO(12)×SO(12) global symmetry. In
the previous section we saw that the Sp(2) gauge symmetry on the right side can be
fully Higgsed by tuning 6 external D5-branes on the right side. We can consider the
same Higgsing RG-flow for the Sp(2) gauge symmetry on the left side. This brings
the brane web in Figure 20(a) to the brane web in Figure 20(b). In F-theory, this
blows down two −1 curves of Sp(2) gauge symmetries in the base and the −4 curve
in the middle reduces to a −2 curve. After all, the 6d theory will be Higgsed to the
6d SCFT on a −2 curve with SO(12) gauge symmetry coupled to a single tensor:
[SO(12)]
sp2
1
so12
4
sp2
1 [SO(12)] → so122 [Sp(6)] (4.2)
We thus claim that the brane web in Figure 20(b) is a brane construction of the 6d
SO(12) gauge theory on a −2 curve compactified on a circle.
– 29 –
➃➂
➁
➀
➄
➅
➆ ➇
➈⑩ ⑪
2φ5 − φ4
m3
m2 −m3
m1  m2
φ6 + φ5 − φ4 −m1
φ6 − φ5 m6
m5 −m6
m4 −m5
φ6 + φ5 − φ4 −m4
2φ4 − φ3 − φ5 − φ6 φ4 − φ1 − φ6
φ1 + φ4 − φ3 − φ5
2φ5 − φ4
φ1 − φ5
2φ0
2φ3 − φ2 − φ4
2φ2 − φ0 − φ1 − φ3
2φ0 − φ2
φ1 − φ0
(a)
(b)
F2
∣∣
2
F0
∣∣
0
F4
∣∣
3
F26
∣∣
4
F66
∣∣
6
F44
∣∣
1 F
6
8
∣∣
5
f − xi
f − xi
f − xi − yi
yi − xi
xi
f − xif
h− x− y eeeh h h e
h
e
f
h
e
Figure 21. The elliptic threefold (a) and the brane web (b) for the 6d SO(12) gauge
theory on a −2 curve.
Let us compare this brane construction against the geometric construction of
the 6d SO(12) theory given in [15]. For convenience, we shall consider the geometry
in Figure 21(a) which is related to the geometry in [15] by flop transitions of six
exceptional curves denoted by xi in the surface F68. This threefold has the prepotential
6FSO(12) = 8φ30 + 4φ31 + 8φ32 + 8φ33 + 6φ34 + 2φ35 + 2φ36 − 6φ20φ2 − 12φ22φ3 + 6φ2φ23
− 12φ1φ22 + 6φ21φ2 − 12φ1φ23 − 18φ23φ4 + 12φ3φ24 − 6φ21φ4 − 6φ1φ24 − 12φ1φ25
− 24φ24φ5 + 18φ4φ25 − 18φ24φ6 + 12φ4φ26 − 18φ25φ6 − 18φ5φ26
+ 12φ1φ2φ3 + 12φ1φ3φ4 + 12φ1φ4φ5 + 36φ4φ5φ6 . (4.3)
To compare with this geometry we first need to move on to the chamber in Figure
21(b) by flopping some cycles in the brane web. Then the compact four-cycles in the
geometry can be identified with the internal faces in the brane web as
F0|0 = 1© , F44
∣∣
1
= 1©+ 2 · 9©+ 10©+ 11© , F2|2 = 2© , F4|3 = 3© ,
F26
∣∣
4
= 4© , F68
∣∣
5
= 5©+ 7©+ 8© , F66
∣∣
6
= 5©+ 2 · 6© . (4.4)
The monopole string tensions with respect to φi can be extracted from the brane
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Figure 22. The elliptic threefold (a) and the brane web (b) for the 6d SO(11) gauge
theory on a −2 curve.
web. The results are
T 1© = 2φ0(2φ0−φ2) ,
T 1©+2 9©+ 10©+ 11© = 2φ21−2φ22−2φ23−φ24−2φ25+2φ2(φ1+φ3)+2φ4(−φ1+φ3+φ5) ,
T 2© = (2φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© = 2(2φ3−φ2−φ4)(φ3+φ2−φ1−φ4) ,
T 4© = −φ21−3φ23+3φ24+3φ25+2φ26+2φ1(φ3−φ4+φ5)+2φ4(2φ3−4φ5−3φ6)+6φ5φ6 ,
T 5©+ 7©+ 8© = −4φ24+φ25−3φ26+2φ4(φ1+3φ5+3φ6)−2φ5(2φ1+3φ6) ,
T 5©+2 6© = −3φ24−3φ25+φ26+2φ4(3φ5+2φ6)−6φ5φ6 , (4.5)
which perfectly match the volumes of surfaces in the geometry. More brane webs for
the 6d SCFTs on a −2 curve can be obtained by a sequence of Higgs branch flows
from this brane web.
SO(11) gauge theory As we have shown, the RG-flow from the SO(12) gauge
theory down to the SO(11) gauge theory can be generated by moving a set of D5-
branes corresponding to an SO(12) fundamental hyper toward the top orientifold
plane in the brane system. In Figure 21(b), this amounts to setting mass parameters
as
φ6 − φ5 = m3 = 0 . (4.6)
The Higgsed brane web is given in Figure 22(b) and this realizes the 6d SO(11)
gauge theory on a −2 curve.
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Figure 23. The elliptic threefold (a) and the brane web (b) for the 6d SO(10) gauge
theory on a −2 curve.
The corresponding CY3 threefold consists of six compact 4-cycles intersecting
each other as drawn in Figure 22(a). The prepotential of this geometry is
6FSO(11) = 8φ30 + 4φ31 + 8φ32 + 8φ33 + 6φ34 − 32φ35 − 6φ20φ2 − 12φ22φ3 + 6φ2φ23
− 12φ1φ22 + 6φ21φ2 − 12φ1φ23 − 18φ23φ4 + 12φ3φ24 − 6φ21φ4 − 6φ1φ24 − 12φ1φ25
− 42φ24φ5 + 66φ4φ25 + 12φ1φ2φ3 + 12φ1φ3φ4 + 12φ1φ4φ5 . (4.7)
We identify the 6 surfaces in the geometry with the internal faces in the brane web
as
F0|0 = 1© , F44|1 = 1©+ 2 · 8©+ 9©+ 10© , F2|2 = 2© , F4|3 = 3© ,
F26|4 = 4© , F14,5|5 = 2 · 5©+ 6©+ 7© . (4.8)
The volumes of these internal faces extracted from the branes are
T 1© = 2φ0(2φ0−φ2) ,
T 1©+2 8©+ 9©+ 10© = 2φ21−2φ22−2φ23−φ24−2φ25+2φ2(φ1+φ3)+2φ4(−φ1+φ3+φ5) ,
T 2© = (2φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© = 2(2φ3−φ2−φ4)(φ3+φ2−φ1−φ4) ,
T 4© = −φ21−3φ23+3φ24+11φ25+2φ1(φ3−φ4+φ5)+2φ4(2φ3−7φ5) ,
T2 5©+ 6© = (φ4−2φ5)(2φ1−7φ4+8φ5) . (4.9)
This is in agreement with the volumes of compact four-cycles in the geometry.
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SO(10) gauge theory Other SCFTs with SO(N) gauge symmetry can be ob-
tained by a series of Higgs branch flows. First, the brane realization of the SO(10)
gauge theory with 4 fundamentals and 2 spinor hypers is drawn in Figure 23(b). The
corresponding geometry is given in Figure 23(a) and this geometry has the prepo-
tential
6FSO(10) = 8φ30 + 6φ31 + 8φ32 + 6φ33 + 8φ34 − 2φ35 − 6φ20φ2 − 12φ22φ3 + 6φ2φ23 (4.10)
− 12φ1φ22 + 6φ21φ2 − 6φ21φ3 − 6φ1φ23 − 6φ21φ5 − 6φ1φ25 − 12φ23φ4 + 6φ3φ24
− 18φ23φ5 + 12φ3φ25 − 24φ24φ5 + 12φ1φ2φ3 + 12φ1φ3φ5 + 24φ3φ4φ5 .
The map between the compact faces in the brane web and the compact four-cycles
in the geometry is
F0|0 = 1© , F24|1 = 1©+ 2 · 8©+ 9©+ 10© , F2|2 = 2© , F24|3 = 3© ,
F4|4 = 4© , F104 |5 = 4©+ 2 · 5©+ 6©+ 7© . (4.11)
The volumes of these internal faces extracted from the branes are
T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 8©+ 9©+ 10© = 3φ21 − 2φ22 − φ23 − φ25 + 2φ1(φ2 − φ3 − φ5) + 2φ3(φ2 + φ5) ,
T 2© = (2φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© = −φ21−2φ22+3φ23+φ24+2φ25+2φ1(φ2−φ3 −φ5)+2φ3(φ2−2φ4−3φ5)+4φ4φ5 ,
T 4© = 2(2φ4 − φ3)(φ3 + φ4 − 2φ5) ,
T 4©+2 5©+ 6©+ 7© = −φ21 − 3φ23 − 4φ24 − φ25 + 2φ1(φ3 − φ5) + 4φ3(φ4 + φ5) , (4.12)
which agree with the volumes of compact four-cycles in the geometry.
SO(9) gauge theory The brane web for the 6d SCFT on a −2 curve with SO(9)
gauge symmetry is depicted in Figure 24(b). Its geometric counterpart is drawn
in Figure 24(a). This geometry is equivalent to the geometry for the SO(9) gauge
theory given in [15] under flop transitions of two −1 curves f − xi in the surface
F210,3. The prepotential of this geometry is
6FSO(9) = 8φ30 + 6φ31 + 8φ32 + 6φ33 − 18φ34 − 6φ20φ2 − 12φ1φ22 + 6φ21φ2
− 12φ22φ3 + 6φ2φ23 − 6φ21φ3 − 6φ1φ23 − 6φ21φ4 − 6φ1φ24 − 30φ23φ4
+ 42φ3φ
2
4 + 12φ1φ2φ3 + 12φ1φ3φ4 . (4.13)
The map between the brane system and the geometry in Figure 24(a) is
F0|0 = 1© , F24|1 = 1©+ 2 · 7©+ 8©+ 9© , F2|2 = 2© ,
F24|3 = 3© , F210,3|4 = 2 · 4©+ 5©+ 6© . (4.14)
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Figure 24. The elliptic threefold (a) and the brane web (b) for the 6d SO(9) gauge theory
on a −2 curve.
The volumes of these internal faces extracted from the branes are
T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 7©+ 8©+ 9© = 3φ21 − 2φ22 − φ23 − φ24 + 2φ1(φ2 − φ3 − φ4) + 2φ3(φ2 + φ4) ,
T 2© = (2φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© = −φ21−2φ22+3φ23+7φ24+2φ1(φ2−φ3 −φ5)+2φ3(φ2−5φ4) ,
T2 4©+ 5©+ 6© = −φ21 − 5φ23 − 9φ24 + 2φ1(φ3 − φ4) + 14φ3φ4 , (4.15)
which agree with the volumes of compact four-cycles in the geometry.
SO(8) gauge theory The brane web for the 6d SCFT on a −2 curve with SO(8)
gauge symmetry is drawn in Figure 25(b). The geometry of this theory is summarized
in Figure 25(a). We compute the cubic prepotential for this threefold as
6FSO(8) = 8φ30 + 4φ31 + 8φ32 + 8φ33 − 6φ20φ2 − 12φ1φ22 + 6φ21φ2 − 12φ22φ3 + 6φ2φ23
− 12φ22φ4 + 6φ2φ24 − 12φ1φ23 − 12φ21φ4 − 12φ23φ4 + 12φ1φ2φ3
+ 12φ2φ3φ4 + 12φ1φ2φ4 . (4.16)
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Figure 25. The elliptic threefold (a) and the brane web (b) for the 6d SO(8) gauge theory
on a −2 curve.
The surfaces in the geometry is related to the internal faces in the brane web by the
map given as
F0|0 = 1© , F44|1 = 1©+ 2 · 7©+ 8©+ 9© , F2|2 = 2© ,
F4|3 = 3© , F84|4 = 3©+ 2 · 4©+ 5©+ 6© . (4.17)
The volumes of these internal faces extracted from the branes are
T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 7©+ 8©+ 9© = 2
(
φ21 − φ22 − φ23 + φ1(φ2 − 2φ4) + φ2(φ3 + φ4)
)
,
T 2© = (−φ0+φ1−2φ2+φ3+φ4)(φ0+φ1−2φ2+φ3 +φ4) ,
T 3© = 2(φ2 − 2φ3)(φ1 − φ2 − φ3 + φ4) ,
T2 3©+2 4©+ 5©+ 6© = 2
(−φ21 − φ22 − φ23 + φ2(φ1 + φ3 + φ4)) , (4.18)
which agree with the volumes of compact four-cycles in the geometry.
SO(7) gauge theory A further Higgs branch flow leads to the brane web for the
6d SCFT on a −2 curve with SO(7) gauge symmetry which is drawn in Figure 26(b).
The geometry of this theory is in Figure 26(a) and it has the prepotential
6FSO(7) = 8φ30 + 2φ31 + 8φ32 − 2φ33 − 6φ20φ2 − 12φ1φ22 + 6φ21φ2 − 24φ22φ3
+ 24φ2φ
2
3 − 18φ1φ23 − 6φ21φ3 + 24φ1φ2φ3 . (4.19)
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Figure 26. The elliptic threefold (a) and the brane web (b) for the 6d SO(7) gauge theory
on a −2 curve.
The 5-brane system can be mapped to the geometry by the following map:
F0|0 = 1© , F64|1 = 1©+ 2 · 6©+ 7©+ 8© , F2|2 = 2© ,
F28,1|3 = 2 · 3©+ 4©+ 5© . (4.20)
The geometry in Figure 26 is not quite equivalent to the geometry for this theory
in [15]. They are, in fact, related each other by flop transitions on two exceptional
curves xi in F28,1.
We have also checked that the monopole string tensions obtained both from the
brane webs and the geometries are in perfect agreement. For example, the monopole
string tensions from the brane web in Figure 25(b) are
T 1© = 2φ0(2φ0−φ2) ,
T 1©+2 6©+ 7©+ 8© = φ21− 2φ22− 3φ23+2φ1φ2 − 2φ1φ3 + 4φ2φ3
T 2© = (−φ0+φ1− 2φ2+ 2φ3)(φ0+φ1− 2φ2+ 2φ3) ,
T2 3©+ 4©+ 5© = −φ21−4φ22−φ23+4φ1φ2−6φ1φ3+8φ2φ3 , (4.21)
which indeed match the volumes of the compact surfaces in the geometry.
G2 gauge theory There are two distinct Higgs branch flows from the SO(7) gauge
theory and the corresponding brane web. One is the Higgsing to the G2 gauge theory
with four fundamentals. The brane web for this theory is illustrated in Figure 27(b).
This brane web corresponds to the CY3 geometry in Figure 27(a). This threefold
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Figure 27. The elliptic threefold (a) and the brane web (b) for the 6d G2 gauge theory
on a −2 curve.
yields the prepotential
6FG2 = 8φ30 − 24φ31 + 8φ32 − 6φ20φ2 − 36φ1φ22 + 54φ21φ2 . (4.22)
The map between the brane web and the geometry is given as
F0|0 = 1© , F12,4|1 = 1©+ 2 · 3©+ 4©+ 2 · 5©+ 6©+ 7© , F2|2 = 2© . (4.23)
As expected, the areas of the internal faces agree with the volumes of the compact
surfaces in the geometry under this map
T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 3©+ 4©+2 5©+ 6©+ 7© = 6(−φ1 + φ2)(2φ1 − φ2) ,
T 2© = (−2φ0 − 3φ1 + 2φ2)(φ0 − 3φ1 + 2φ2) . (4.24)
SO(6) gauge theory Another Higgs branch limit is to the 6d SCFT with SO(6)
(or SU(4)) gauge symmetry and 8 spinor hypermultiplets. This theory is called as
the (A3, A3) conformal matter theory coupled to one tensor multiplet. The RG-
flow from our SO(7) brane web which Higgs the SO(7) gauge symmetry to SO(6)
symmetry gives rise to the brane web in Figure 28(a). On the other hand, the brane
realization of this theory is already known as Figure 28(b). We find that, though
these two brane webs look quite different, they both engineer the SO(6) gauge theory
with 8 spinor hypers at low energy. We have also checked that the monopole strings
in two brane realizations have the same tensions as their counterparts.
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Figure 28. The elliptic threefold (a) and the brane web (b) for the 6d SU(4) gauge theory
with 8 fundamentals.
4.2 Twisted theories
In the previous section, we obtained brane realizations of the SO(2N) gauge theories
with twisted compactification by Higgsing the brane webs of SO(2N + 1) gauge
theories on a −3 curve. We can employ the same Higgsing procedure on the brane
webs of the SO(2N + 1) theories we discussed in this section to obtain the brane
realizations of the SO(2N) gauge theories on a−2 curve with Z2 outer-automorphism
twist.
We can first Higgs the brane web in Figure 22(b) by moving one of the D7-
branes toward the bottom orientifold plane. The resulting brane web is drawn in
Figure 29(a) and it realizes the SCFT of SO(10) gauge symmetry on −2 curve with
Z2 outer-automorphism twist. This insists that the strings Wi connecting adjacent
D5- or O5-branes must carry gauge charges of the affine D
(2)
5 algebra. We can confirm
this by look at the string masses. The charged string masses from the brane web are
mW1 = 2φ0 − φ1 , mW2 = 2φ1 − 2φ0 − φ2 , mW3 = 2φ2 − φ1 − φ3 ,
mW4 = 2φ3 − φ2 − 2φ4 , mW5 = 2φ4 − φ3 , (4.25)
which indeed exhibit the affine D
(2)
5 Cartan structure.
Similarly, the brane web for the SO(9) gauge theory in Figure 24(b) and that
for the SO(7) gauge theories in Figure 26(b) can be Higgsed down to the brane con-
figurations in Figure 29(b) and Figure 29(c) respectively. We conjecture that these
brane webs in Figure 29(b) and Figure 29(c) are the Z2 twisted compactifications of
the SO(8) and the SO(6) gauge theories respectively on a −2 curve. As one can see,
the strings Wi have masses forming the affine D
(2)
4 Cartan matrix and the affine D
(2)
3
Cartan matrix respectively.
Lastly, we can Higgs the brane web in Figure 27(b) and reduce it to the brane
web for the SU(3) gauge theory on a −2 curve with Z2 outer-automorphism twist.
The Higgsed diagram is illustrated in Figure 30(b). We find that this brane web
amounts to the geometry in Figure 30(a) with the following map:
dP1 = 1© , F12,3 = 2 · 2©+ 3©+ 2 · 4©+ 5©+ 6© . (4.26)
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Figure 29. The brane webs for the 6d SO(2N) gauge theories on a −2 curve with Z2
twist, N = 5, 4, 3.
The monopole strings in the brane web have the tensions
T 1© = 4(φ0−2φ1)(φ0−φ1) , T2 2©+ 3©+2 4©+ 5©+ 6© = −2(φ0−2φ1)(3φ0−2φ1) . (4.27)
This again agrees with the volumes of the surfaces in the geometry.
It was conjectured in [14] that the Z2 twisted compactification of the SU(3)
gauge theory on a −2 curve will reduce to the 5d N = 1 Sp(2)0 gauge theory with
3 hypermultiplets in the anti-symmetric representation of Sp(2) and, in addition,
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Figure 30. The elliptic threefold (a) and the brane web (b) for the 6d SU(3) gauge theory
with 6 fundamentals with Z2 twist.
the associated geometry was proposed. We find that the geometry, which is of the
form F6
2`∪dP4, proposed in [14] can be deformed to the geometry in Figure 30(a) by
flopping three exceptional curves ` − x1 − xi with i = 2, 3, 4 in the dP4. This also
support our brane proposal for this twisted theory in Figure 30(b). We note also
that another brane realization for this theory was proposed in [34] which would be a
dual description of our brane realization in Figure 30(b).
5 Twisting of SO(2N) theories on −4 curve
One may wonder what if we consider a Higgsing of the SO(2N+1) gauge theories
with 2N − 7 fundamental hypers on a −4 curve by giving a vev to a fundamental
scalar carrying unit Kaluza-Klein momentum along 6d circle. Similarly to the cases
we discussed above, we expect that this type of Higgsing leads to the twisted com-
pactifications of the SO(2N) gauge theories on a −4 curve. This follows that we can
engineer the brane systems for these twisted theories by a Higgsing of known brane
webs for the SO(2N+1) gauge theories with 2N − 7 fundamentals.
Let us start from the (p, q)-brane system in Figure 31(a) for the SO(2N+2) gauge
theory with 2N−6 fundamental hypers. One can Higgs this diagram to the brane web
for the SO(2N+1) gauge theory. For this, we move one of the internal D5-branes and
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Figure 31. (a) The brane web for the 6d SO(2N+2) gauge theory with 2N−6 fundamental
hypers. (b) The brane web for the 6d SO(2N+1) gauge theory with 2N−7 fundamental
hypers. (c) The brane web for the SO(2N) gauge theory with 2N−8 fundamentals on Z2
twisted compactification.
also one of the external D5-branes to the location of the orientifold plane at the top.
Then we end up with the brane web in Figure 31(b). This web is for the SO(2N+1)
gauge theory with 2N−7 fundamentals. We now consider moving another set of D5-
branes denoted by downward arrows to the bottom orientifold plane. The resulting
brane web in Figure 31(c) is the brane web corresponding to the Higgsing triggered by
a Higgs vev of a SO(2N+1) fundamental scalar mode carrying KK momentum. This
brane web is thus conjectured to realize the twisted compactification of the SO(2N)
gauge theory with 2N − 8 fundamental hypermultiplets. The brane web now has
2N − 8 external D5-branes which is the same as those in the original SO(2N) gauge
theory before twisting. This respects the fact that fundamental hypermultiplets
remain intact under Z2 twisting of SO(2N) gauge algebra.
Another simple check for this proposal is to compare the string charges between
the internal D5-branes. The i-th string suspending between i-th and (i + 1)-th D5-
branes have the masses as
m1 = 2φ1 − φ2 ,
m2 = 2φ2 − 2φ1 − φ3 ,
mi = 2φi − φi−1 − φi+1 for 2 < i < N − 1 ,
mN−1 = 2φN−1 − φN−2 − 2φN ,
mN = 2φN − φN−1 , (5.1)
after taking into account orientifold projections at the top and the bottom of the
diagram. This result shows that the strings connecting internal branes form the
affine D
(2)
N gauge algebra. This signals that our brane web in Figure 31(c) would be
the Z2 twisting of the SO(2N) gauge theory on a −4 curve.
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6 Conclusion
In this paper, we constructed Type IIB 5-brane configurations for a family of 6d
N = (0, 1) SCFTs of DN gauge symmetry on a −2 or −3 curve in the base engineered
in F-theory [27] when compactified on a circle. These brane webs are obtained
by considering RG flows developed in certain Higgs branches in the brane webs
associated to the 6d (DN , DN) conformal matter theories introduced in [35]. We
have also explored new RG flows triggered by Higgs vevs of scalar operators carrying
non-zero KK momentum along the compactification circle. Surprisingly, these RG
flows realize twisted compactifications of 6d SCFTs with SO(2N) or SU(3) gauge
symmetry on a −2 or −3 curve.
Let us make some comments about our results and future researches. First, we
have considered Higgs branch flows by scalar vevs with unit KK momentum in 6d
theories compactified on a circle and found that these RG flows give rise to consistent
low energy theories. The low energy theories discussed in this paper turn out to
be circle compactifications of 6d theories with outer-automorphism twist which are
already known to exist. One may wonder if similar RG flows by using Higgs vevs of
KK modes can provide us a new family of consistent 6d theories living on a circle.
Another important point is that ordinary Type IIB branes in exotic configura-
tions appear to support new realizations of 6d theories and also 5d theories which
either have exceptional G2 gauge symmetry or share some unusual properties with
exceptional gauge theories. For example, the 6d minimal SU(3) gauge theory was
previous engineered by (p, q) string junctions between mutually non-perturbative 7-
branes admitting no weakly coupled Type IIB description. However we could find
a (p, q) 5-brane web for this theory where the non-abelian gauge states come from
perturbative strings stretched between D5-branes. It would be very interesting to
further investigate those exotic 5-brane configurations and see if we can construct
(p, q) 5-brane systems for other exceptional gauge theories.
Lastly, brane webs found in this paper can be used to compute the partition
functions of the corresponding 6d theories on Ω-background. For this computation,
we can employ topological vertex formalism introduced in [7, 8] and also additional
techniques in [36, 37] to take into account the orientifold planes. The results for the
theories on a −3 curve can be compared with some known results in [38, 39], which
would exhibit more concrete checks for our proposal [40].
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A Brane transitions on orientifold 5-branes
We briefly discuss possible brane transitions on an O5-plane. In Type IIB 5-brane
webs, spinor matter of an SO(N) gauge theory can be realized non-perturbatively
[25]. An Sp(0) instanton of coupled to an SO(N) gauge theory is a 5-brane realiza-
tion of a hypermultiplet in the spinor representation of SO(N) gauge theory where
the “coupling” of Sp(0) naturally provides a mass of a spinor hypermultiplet which
appears as the distance between two 5-branes ending on an O5-plane. In order to
realize small mass spinor parameter, one needs to reduce the distance between two
5-branes on an O5-plane. Along the way, two such 5-branes meet at a point on a
O5-plane. To realize a massless spinor hypermultiplet, one may bring them even
more close. In doing so, it was observed that 5-branes undergo “generalized flop
transitions” [32], which looks similar to usual flop transitions in 5-brane webs with-
out orientifold planes. An instructive example is given in Figure 32. One can also
think of a brane configuration in Figure 32 as a part of web diagram for an Sp(N)
gauge theory, as discussed in [36].
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With “generalized flop transitions” one can realize various 5-brane configura-
tions. Of course, the massless limit of a spinor hypermultiplet for an SO(N) gauge
theory is straightforward to construct. For instance, 5d G2 gauge theory with flavors
was constructed as a Higgsing of the 5d SO(7) gauge theory with spinor [37]. More-
over, in a similar way, 5-brane webs for 5d gauge theory with hypermultiplet in the
rank-3 antisymmetric representation was also constructed [41].
These brane transitions are allowed phases in the parameter space of Seiberg-
Witten curves for 5d theories. Before and after the transitions, the diagrams should
be a charge conserving configuration. Figure 32 is a good example. A 5-brane
configuration in Figure 32(a) changes successively to 32(b) and to 32(c), where the
height of the newly generated D5-brane can be higher and higher as the distance
between (2,−1) and (2, 1) 5-branes getting closer and closer, keeping the 5-brane
configuration on an O5-plane where (1,−1) and (1, 1) 5-branes met a point. The
position of the newly generated D5-brane can be placed even higher by applying usual
flop transitions, and then can be used for a non-perturbative Higgsing as discussed
in the main text. Many more examples are also illustrated in [32, 34, 37, 41].
B Hanany-Witten transitions on a 5-brane web with O5-
planes and 7-brane monodromy cuts
Hanany-Witten transitions on a 5-brane web are realized as moving a (p, q) 7-brane
on one side, split by a (p′, q′) 5-brane, to the other side along the direction of the 7-
brane charge. This procedure is repeated till there remain no further 5-branes along
its way so that the 7-brane can be taken to infinity without crossing other 5-branes.
A 7-brane has the monodromy which is given by the charge of the 7-brane, and the
corresponding monodromy cut can be put in an arbitrary direction on a 5-brane web
but the charges of 5-branes crossing the monodromy cut should be carefully treated.
Though the orientation of a (p, q) 7-brane monodromy cut is usually chosen to be
aligned along the orientation of its charge (p, q) on a 5-brane web, one can align a
(p, q) 7-brane cut arbitrary or even rotate it clockwise or counterclockwise. This is
often understood when one performs Hanany-Witten transitions.
Consider an example of Hanany-Witten transition on a 5-brane configuration,
drawn in Figure 33, where the monodromy cuts are depicted as the red dotted lines.
Figure 33(b) is an intermediate step of the Hanany-Witten transition where the
(1, 0) 7-brane is being moved to the middle from the right, where the (1, 0) 5-brane
ending on this (1, 0) 7-brane is now annihilated as it crossed a 5-brane. Figure 33(b)
is still a charge conserving configuration due to the orientation of the 7-brane cut.
The next step is then to move this (1, 0) 7-brane to the left. Here one can rotate
the monodromy cut clockwise or counterclockwise. Figure 33(c) is the resulting
configuration when the monodromy cut is rotated counterclockwise i©, followed by
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ii⃝
(c) (d)
Figure 33. Hanany-Witten transitions and 7-brane monodromy cut. By rotating the
7-brane monodromy cut (counter-)clockwise, one obtains 5-brane configuration either (d)
for (e), and two configurations are related by an SL(2,Z) transformation.
pulling the 7-brane to the left. On the other hand, Figure 33(d) is the configuration
after the monodromy cut is rotated clockwise ii©, followed by pulling the 7-brane to
the left. We note that both configurations are a charge conserving configuration and
they are related by an SL(2,Z) T -transformation.
When a 5-brane configuration of interest has an O5-plane, Hanany-Witten tran-
sitions can also be understood in a similar way but with some caution. For instance,
see Figure 34(a). It is a part of 5-brane configuration discussed in the main text.
Just as in the previous example of Hanany-Witten transition, one can put a (1, 0)
7-brane in the middle as depicted in Figure 34(b), and there again one can rotate
around the monodromy cut clockwise or counterclockwise. The counterclockwise ro-
tation i© is straightforward and the configuration can be understood as the same
way as the case without an O5-plane, and the result configuration is given in Figure
34(c). A clockwise rotation ii©, however, requires some caution. By Figure 34(c),
we imagine a partial clockwise rotation of the 7-brane monodromy cut such that the
monodromy cut is curved so that it still points its initial orientation along the O5-
plane. This configuration is in particular useful as it gives rise to a charge conserving
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O5+ O5− O5−
i⃝
ii⃝
ii⃝
i⃝
(a)
(b)
(c) (d)
Figure 34. Hanany-Witten transitions and 7-brane monodromy cut for a 5-brane config-
uration with an O5-plane. By rotating the 7-brane monodromy cut (counter-)clockwise,
one obtains 5-brane configuration either (c) for (d).
(c)(a) (b)
(a) (b) (c)
O5+ O5− O5−
O5+ O5− O5−O5+
Figure 35. Monodromy cuts for Figure 8. The red dotted lines denote the monodromy
cuts for 7-branes which are moved to the left via Hanany-Witten transitions.
5-brane configuration on an O5-plane, as depicted in Figure 33(d). Moreover, when
we consider a 5-brane configuration with two O5-planes, rotations of monodromy
cuts of flavor 7-brane can be understood in this way. As an example, recall Figure
8 discussed in section 3. If we were to denote the monodromy cuts of those (1, 0)
7-branes which were moved to the left by Hanany-Witten transitions, the direction
of monodromy cuts should be understood as in Figure 35, where the charges are
conserved on O5-planes.
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